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A SHARP EFFECTIVENESS RESULT OF DEMAILLY’S STRONG
OPENNESS CONJECTURE
QI’AN GUAN
Abstract. In this article, we establish a sharp effectiveness result of De-
mailly’s strong openness conjecture. We also establish a sharp effectiveness
result related to a conjecture posed by Demailly and Kolla´r.
1. Introduction
The multiplier ideal sheaf related to a plurisubharmonic function plays an impor-
tant role in complex geometry and algebraic geometry, which was widely discussed
(see e.g. [34, 24, 29, 6, 7, 3, 8, 22, 31, 32, 4]). We recall the definition as follows.
Let ϕ be a plurisubharmonic function (see [5, 27, 28]) on a complex manifold. It
is known that the multiplier ideal sheaf I(ϕ) was defined as the sheaf of germs of
holomorphic functions f such that |f |2e−ϕ is locally integrable (see [4]).
In [4] (see also [3]), Demailly posed the strong openness conjecture for multiplier
ideal sheaves (SOC for short), i.e.
I(ϕ) = I+(ϕ) := ∪p>1I(pϕ).
The two-dimensional case of SOC was proved by Jonsson-Mustat¸a˘ [19]. An
important case of SOC so-called the openness conjecture (OC for short) was proved
by Berndtsson [2] and the two-dimensional case of OC was proved by Favre-Jonsson
[10, 9].
Recently, SOC was proved in [15] (see also [23, 18]). After that, stimulated
by the effectiveness result in Berndtsson’s solution of the openness conjecture, an
effectiveness result of SOC was established in [16] as continuous work of the solution
of SOC. Note that the effectiveness result of SOC is not sharp, then it is natural
to ask:
Can one establish a sharp effectiveness result of SOC?
In the following section, we give an affirmative answer to the above question.
One of the innovations in the present article is that, instead of the single minimal
L2 integral on the whole domain considered in previous articles (e.g. [16, 13, 14,
12]), we consider the minimal L2 integrals on all sublevel sets {ϕ < −t}, e.g. the
function G(t) (details see Section 2.1).
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1.1. A sharp effectiveness result of Demailly’s strong openness conjec-
ture.
Let F be a holomorphic function on pseudoconvex domain D ⊂ Cn (see [5])
containing the origin o ∈ Cn, and let ϕ be a negative plurisubharmonic function on
D.
Recall that cFo (ϕ) := sup{c ≥ 0 : |F |
2e−2cϕ is L1 on a neighborhood of o} is the
jumping number (see [20]). Especially, when F ≡ 1, cFo (ϕ) will degenerate to the
complex singularity exponent co(ϕ) (or log canonical threshold) (see [34, 26, 21, 7],
etc.).
If cFo (ϕ) 6= +∞, CF,I+(2cFo (ϕ)ϕ)o(D) := inf{
∫
D |F˜ |
2|(F˜ −F, o) ∈ I+(2c
F
o (ϕ)ϕ)o &
F˜ ∈ O(D)}. If cFo (ϕ) = +∞, CF,I+(2cFo (ϕ)ϕ)o(D) :=
∫
D
|F |2.
In this section, we establishing a sharp effectiveness result of SOC.
Theorem 1.1. Assume that
∫
D |F |
2e−ϕ < +∞. Then for any p > 1 satisfying
θ(p) >
∫
D |F |
2e−ϕ
CF,I+(2cFo (ϕ)ϕ)o(D)
,
we have
(F, o) ∈ I(pϕ)o,
i.e. |F |2e−ϕ is locally integrable near o, where θ(p) = pp−1 , which is sharp.
When D is the unit disc ∆ ⊆ C, F ≡ 1 and ϕ = 2p log |z|, note that
∫
D
e−ϕ =∫
∆
1
|z|2/p
= π
1− 1p
, and CF,I+(2cFo (ϕ)ϕ)o(D) = pi, then it is clear that
∫
D
|F |2e−ϕ
C
F,I+(2c
F
o (ϕ)ϕ)o
(D) =
p
p−1 , which implies that θ(p) =
p
p−1 is sharp.
Remark 1.1. For the case θ(p) = ( 1(p−1)(2p−1) )
1
p , the effectiveness result of SOC
was established in [16], which implies (a more precise but non-sharp version of)
Berndtsson’s effectiveness result of OC ([2], see also [16]).
It follows from inequality 2.1 that Theorem 1.1 degenerates to the following sharp
version of Berndtsson’s effectiveness result of OC.
Corollary 1.1. Assume that
∫
D e
−ϕ < +∞, where ϕ is a negative plurisubhar-
monic function on pseudoconvex domain D. Then for any p > 1 satisfying
p
p− 1
> KD(o)
∫
D
e−ϕ, (1.1)
we have e−pϕ is locally integrable near o, where KD is the Bergman kernel on D.
Let D be the unit disc ∆ ⊆ C, and ϕ = 2p log |z|. Note that
∫
D e
−ϕ =
∫
∆
1
|z|2/p
=
π
1− 1p
, and KD(o) =
1
π , then it is clear that KD(o)
∫
D e
−ϕ = pp−1 . Then Corollary
1.1 is sharp.
1.2. A sharp effectiveness result related to a conjecture posed by De-
mailly and Kolla´r.
In this section, we present the following sharp effectiveness result related to a
conjecture posed by Demailly and Kolla´r
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Theorem 1.2. Let F be a holomorphic function on pseudoconvex domain D ⊂ Cn,
and let ϕ be a negative plurisubharmonic function on D. If cFo (ϕ) < +∞, then
1
r2c
F
o (ϕ)
∫
{ϕ<log r}
|F |2 ≥ CF,I+(2cFo (ϕ)ϕ)o(D) > 0
holds for any r ∈ (0, 1).
Especially, if CF,I+(2cFo (ϕ)ϕ)o(D) = +∞, then
∫
{ϕ<log r} |F |
2 = +∞ for any
r ∈ (0, 1).
Let D = ∆ ⊂ C be the unit disc, and let ϕ = log |z| and F ≡ 1. It is clear
that cFo (ϕ) = 1,
∫
{ϕ<log r}
|F |2 = pir2, CF,I+(2cFo (ϕ)ϕ)o(D) = pi, which imply the
sharpness of Theorem 1.2.
When F ≡ 1, Theorem 1.2 degenerates to
Corollary 1.2. Let ϕ be a negative plurisubharmonic function on pseudoconvex
domain D ⊂ Cn. If cFo (ϕ) < +∞, then
1
r2co(ϕ)
∫
{ϕ<log r}
1 ≥ K−1D (o) (1.2)
holds for any r ∈ (0, 1).
Let D = ∆ ⊂ C be the unit disc, and let ϕ = log |z|. It is clear that co(ϕ) = 1,∫
{ϕ<log r}
1 = pir2, K−1D (o) = pi, which imply the sharpness of Corollary 1.2.
In [7] (see also [20]), Demailly and Kolla´r conjectured that
lim inf
r→0
1
r2co(ϕ)
∫
{ϕ<log r}
1 > 0.
Depending on the truth of OC, the above conjecture was proved in [16] (the
two-dimensional case was proved by Favre-Jonsson [10]). Note that the proof of
Theorem 1.2 doesn’t depend on the truth of OC, then we obtain a new approach
to the above conjecture with sharp effectiveness (inequality 1.2).
2. Preparations
In this section, we will do some preparations.
2.1. Some properties of Cf,ϕ(D).
Let D ⊂ Cn be a pseudoconvex domain. Let f be a holomorphic function near o,
and let I ⊂ Oo be an ideal. Cf,I(D) denotes inf{
∫
D |f˜ |
2|(f˜ − f, o) ∈ I & f˜ ∈ O(D)}
as a generalized version of CF,I+(2cFo (ϕ)ϕ)o(D).
If there is no holomorphic function f˜ satisfying both (f˜−f, o) ∈ I and f˜ ∈ O(D),
then we set Cf,I(D) = −∞. Especially, if I = I(ϕ)o, then Cf,ϕ(D) denotes Cf,I(D).
In this section, we will recall and present some properties related to Cf,ϕ(D).
Lemma 2.1. (f, o) 6∈ I(ϕ)o ⇔ Cf,ϕ(D) 6= 0 (maybe −∞ or +∞). Especially, if
f ≡ 1 and I(ϕ)o 6= Oo, then C1,ϕ(D) ≥ K
−1
D (o).
Note that C1,I+(2co(ϕ)ϕ)o(D) = C1,I(p0ϕ)o(D) for some p0 > 2co(ϕ) (Noetherian
of Oo), then it follows from C1,I(p0ϕ)o(D) ≥ KD(o) (Lemma 2.1) that
C1,I+(2co(ϕ)ϕ)o(D) ≥ KD(o). (2.1)
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Proof. (Proof of Lemma 2.1) It is clear that (f, o) ∈ I(ϕ)o ⇒ Cf,ϕ(D) = 0.
Firstly, we prove that (f, o) 6∈ I(ϕ)o ⇒ Cf,ϕ(D) 6= 0 (maybe −∞ or +∞). We
prove it by contradiction: if not, then there exists holomorphic functions {f˜j}j∈N+
on D such that limj→+∞
∫
D |f˜j |
2 = 0 and (fj − F, o) ∈ I(ϕ)o for any j, which
implies that there exists a subsequence of {f˜j}j∈N+ denoted by {f˜jk}k∈N+ compactly
convergent to 0. It is clear that f˜jk−f is compactly convergent to 0−f = f near o.
It follows from the closedness of the sections of coherent analytic sheaves under the
topology of compact convergence (see [11]) that (f, o) ∈ I(ϕ)o, which contradicts
(f, o) 6∈ I(ϕ)o. Then we obtain (f, o) 6∈ I(ϕ)o ⇒ Cf,ϕ(D) > 0 (maybe +∞).
Secondly, we prove C1,ϕ(D) ≥ K
−1
D (o). Note that (f˜ − f, o) ∈ I(ϕ)o 6= Oo
implies (f˜ − f)(o) = 0 i.e. f˜(o) = 1, then we have
∫
D |f˜ |
2 ≥ K−1D (o), which implies
C1,ϕ(D) ≥ K
−1
D (o). Lemma 2.1 has thus been proved. 
Lemma 2.2. Let ϕ a negative plurisubharmonic function on D, and let F be a
holomorphic function on {ϕ < −t}. Assume that CF,ϕ({ϕ < −t}) < +∞. Then
there exists a unique holomorphic function Ft on {ϕ < −t} satisfying (Ft − F, o) ∈
I(ϕ)o and
∫
{ϕ<−t} |Ft|
2 = CF,ϕ({ϕ < −t}). Furthermore, for any holomorphic
function Fˆ on {ϕ < −t} satisfying (Fˆ − F, o) ∈ I(ϕ)o and
∫
{ϕ<−t} |Fˆ |
2 < +∞, we
have the following equality
∫
{ϕ<−t}
|Ft|
2 +
∫
{ϕ<−t}
|Fˆ − Ft|
2 =
∫
{ϕ<−t}
|Fˆ |2. (2.2)
Proof. Firstly, we prove the existence of Ft. As CF,ϕ({ϕ < −t}) < +∞ then
there exists holomorphic functions {fj}j∈N+ on {ϕ < −t} such that
∫
D |fj |
2 →
CF,ϕ({ϕ < −t}), and (fj − F, o) ∈ I(ϕ)o. Then there exists a subsequence of
{fj} compact convergence to a holomorphic function f on {ϕ < −t} satisfying∫
K
|f |2 ≤ CF,ϕ({ϕ < −t}) for any compact set K ⊂ {ϕ < −t}, which implies∫
D |f |
2 ≤ CF,ϕ({ϕ < −t}) by Levi’s Theorem. Note that the closedness of the
sections of coherent analytic sheaves under the topology of compact convergence
(see [11]) implies that (f − F, o) ∈ I(ϕ)o, then we obtain the existence of Ft(= f).
Secondly, we prove the uniqueness of Ft by contradiction: if not, there exist two
different holomorphic functions f1 and f2 on on {ϕ < −t} satisfying
∫
{ϕ<−t}
|f1|
2 =∫
{ϕ<−t}
|f2|
2 = CF,ϕ({ϕ < −t}), (f1 − F, o) ∈ I(ϕ)o and (f2 − F, o) ∈ I(ϕ)o. Note
that
∫
{ϕ<−t}
| f1+f22 |
2 +
∫
{ϕ<−t}
| f1−f22 |
2 =
∫
{ϕ<−t}
|f1|
2+
∫
{ϕ<−t}
|f2|
2
2 = CF,ϕ({ϕ <
−t}), then we obtain that
∫
{ϕ<−t}
| f1+f22 |
2 < CF,ϕ({ϕ < −t}), and (
f1+f2
2 −F, o) ∈
I(ϕ)o, which contradicts the definition of CF,ϕ({ϕ < −t}).
Finally, we prove equality 2.2. For any holomorphic f on {ϕ < −t} satis-
fying
∫
{ϕ<−t} |f |
2 < +∞ and (f, o) ∈ I(ϕ)o, it is clear that for any complex
number α, Ft + αf satisfying ((Ft + αf) − F, o) ∈ I(ϕ)o, and
∫
{ϕ<−t} |Ft|
2 <∫
{ϕ<−t} |Ft + αf |
2 < +∞. Note that
∫
{ϕ<−t} |Ft + αf |
2 −
∫
{ϕ<−t} |Ft|
2 > 0 im-
plies ℜ
∫
{ϕ<−t}
Ftf¯ = 0 by considering α → 0, then we obtain
∫
{ϕ<−t}
|Ft + f |
2 =∫
{ϕ<−t}
|Ft|
2 +
∫
|f |2. Choosing f = Fˆ − Ft, we obtain equality 2.2.

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Let F be a holomorphic function on D. G(t) denotes CF,ϕ({ϕ < −t}). In the
following part of this section, we will consider the properties of G(t). The following
Lemma will be used to prove Proposition 2.1.
Lemma 2.3. Assume that G(0) < +∞. Then G(t) is decreasing with respect to
t ∈ [0,+∞), such that limt→t0+0G(t) = G(t0) (t0 ∈ [0,+∞)), limt→t0−0G(t) ≥
G(t0) (t0 ∈ (0,+∞)), and limt→+∞G(t) = 0, where t0 ∈ [0,+∞). Especially G(t)
is lower semi-continuous on [0,+∞).
Proof. By the definition of G(t), it is clear that G(t) is decreasing on [0,+∞) and
limt→t0−0G(t) ≥ G(t0). It suffices to prove limt→t0+0G(t) = G(t0). We prove it by
contradiction: if not, then limt→t0+0G(t) < G(t0).
By Lemma 2.2, there exists a unique holomorphic function Ft on {ϕ < −t}
satisfying (Ft−F, o) and
∫
{ϕ<−t}
|Ft|
2 = G(t). Note that G(t) is decreasing implies
that
∫
ϕ<−t
|Ft|
2 ≤ limt→t0+0G(t) for any t < t0, then for any compact subset K of
{ϕ < −t0}, there exists {Ftj} (tj → t0 − 0, as j → +∞) uniformly convergent on
K, which implies that there exists a subsequence of {Ftj} (also denoted by {Ftj})
convergent on any compact subset of {ϕ < −t0}.
Let Fˆt0 := limj→+∞ Ftj , which is a holomorphic function on {ϕ < −t0}. Then it
follows from the decreasing property of G(t) that
∫
K |Fˆt0 |
2 ≤ limj→+∞
∫
K |Ftj |
2 ≤
limj→+∞G(tj) ≤ limt→t0+0G(t) for any compact set K ⊂ {ϕ < −t0}. It follows
from Levi’s theorem that
∫
D
|Fˆt0 |
2 ≤ limt→t0+0G(t). Then we obtain that Gt0 ≤∫
D |Fˆt0 |
2 ≤ limt→t0+0G(t), which contradicts limt→t0+0G(t) < G(t0). 
We prove Lemma 2.5 by the following Lemma, whose various forms already
appear in [13, 14] etc.:
Lemma 2.4. (see [16], see also [13, 14]) Let B ∈ (0, 1] be arbitrarily given. Let D be
a pseudoconvex domain in Cn containing o. Let ϕ be a negative plurisubharmonic
function on D, such that ϕ(o) = −∞. Let F be an L2 integrable holomorphic
function on {ϕ < −t0}. Then there exists a holomorphic function F˜ on D, such
that,
(F˜ − F, o) ∈ I(ϕ)o
and ∫
D
|F˜ − (1 − bt0,B(ϕ))F |
2
≤(1− e−(t0+B))
∫
D
1
B
(I{−t0−B<t<−t0} ◦ ϕ)|F |
2e−ϕ,
(2.3)
where I{−t0−B<t<−t0} is the character function of set {−t0 − B < t < −t0},
bt0,B(t) =
∫ t
−∞
1
B I{−t0−B<s<−t0}ds, and t0 ≥ 0.
Although the F in Lemma 2.1 in [16] is holomorphic on D, in fact the condition
that F is an L2 integrable holomorphic on {ϕ < −t0} is enough for the proof in
[16] (details see Section 4.2).
Using Lemma 2.4, we present the following Lemma, which will be used to prove
Proposition 2.1.
Lemma 2.5. Assume that G(0) < +∞. Then for any t0 ∈ [0,+∞), we have
G(0)−G(t0) ≤ (e
t0 − 1) lim inf
B→0+0
(−
G(t0 +B)−G(t0)
B
).
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Proof. By Lemma 2.2, there exists a holomorphic function Ft0 on {ϕ < t0}, such
that, (Ft0 − F, o) ∈ I(ϕ)o and
∫
{ϕ<−t0}
|Ft0 |
2 = G(t0).
It suffices to consider that lim infB→0+0−
G(t0+B)−G(t0)
B ∈ (−∞, 0] because of
the decreasing property of G(t). Then there exists Bj → 0+0 (j → +∞) such that
lim
j→+∞
−
G(t0 +Bj)−G(t0)
Bj
= lim inf
B→0+0
−
G(t0 +B)−G(t0)
B
and {
G(t0+Bj)−G(t0)
Bj
}j∈N+ is bounded.
By Lemma 2.4, it follows that for any Bj , there exists holomorphic function F˜j
on D, such that,
(F˜j − Ft0 , o) ∈ I(ϕ)o (⇒ (F˜j − F, o) ∈ I(ϕ)o)
and ∫
D
|F˜j − (1− bt0,Bj (ϕ))Ft0 |
2
≤(1− e−(t0+Bj))
∫
D
1
Bj
(I{−t0−Bj<t<−t0} ◦ ϕ)|Ft0 |
2e−ϕ
≤(e(t0+Bj) − 1)
∫
D
1
Bj
(I{−t0−Bj<t<−t0} ◦ ϕ)|Ft0 |
2,
(2.4)
Firstly, we will prove that
∫
D |F˜j |
2 is bounded with respect to j.
Note that∫
D
1
Bj
(I{−t0−Bj<t<−t0} ◦ ϕ)|Ft0 |
2 ≤
∫
{ϕ<−t0}
|Ft0 |
2 −
∫
{ϕ<−t0−Bj}
|Ft0 |
2
Bj
≤
G(t0)−G(t0 +Bj)
Bj
,
(2.5)
and
(
∫
D
|F˜j − (1 − bt0,Bj (ϕ))Ft0 |
2)1/2
≥(
∫
D
|F˜j |
2)1/2 − (
∫
D
|(1− bt0,Bj (ϕ))Ft0 |
2)1/2
(2.6)
then it follows from inequality 2.4 that
(
∫
D
|F˜j |
2)1/2 ≤(e(t0+Bj) − 1)(
G(t0)−G(t0 +Bj)
Bj
)1/2
+ (
∫
D
|(1 − bt0,Bj (ϕ))Ft0 |
2)1/2.
(2.7)
Since {
G(t0+Bj)−G(t0)
Bj
}j∈N+ is bounded and 0 ≤ bt0,Bj (ϕ) ≤ 1, then
∫
D
|F˜j |
2 is
bounded with respect to j.
Secondly, we will prove the main result.
Note that bt0(ϕ) = 1 on {ϕ ≥ −t0}, the it follows that∫
D
|F˜j − (1− bt0,Bj (ϕ))Ft0 |
2 =
∫
{ϕ≥−t0}
|F˜j |
2 +
∫
{ϕ<−t0}
|F˜j − (1 − bt0,Bj (ϕ))Ft0 |
2
(2.8)
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It is clear that∫
{ϕ<−t0}
|F˜j − (1− bt0(ϕ))Ft0 |
2
≥((
∫
{ϕ<−t0}
|F˜j − Ft0 |
2)1/2 − (
∫
{ϕ<−t0}
|bt0,Bj (ϕ)Ft0 |
2)1/2)2
≥
∫
{ϕ<−t0}
|F˜j − Ft0 |
2 − 2(
∫
{ϕ<−t0}
|F˜j − Ft0 |
2)1/2(
∫
{ϕ<−t0}
|bt0,Bj (ϕ)Ft0 |
2)1/2
≥
∫
{ϕ<−t0}
|F˜j − Ft0 |
2 − 2(
∫
ϕ<−t0
|F˜j − Ft0 |
2)1/2(
∫
{−t0−Bj<ϕ<−t0}
|Ft0 |
2)1/2,
(2.9)
where the last inequality follows from 0 ≤ bt0,Bj (ϕ) ≤ 1 and bt0,Bj (ϕ) = 0 on
{ϕ ≤ −t0 −B0}.
Combining equality 2.8, inequality 2.9 and equality 2.2, we obtain that∫
D
|F˜j − (1− bt0,Bj (ϕ))Ft0 |
2
=
∫
{ϕ≥−t0}
|F˜j |
2 +
∫
{ϕ<−t0}
|F˜ − (1 − bt0,Bj (ϕ))Ft0 |
2
≥
∫
{ϕ≥−t0}
|F˜j |
2 +
∫
{ϕ<−t0}
|F˜j − Ft0 |
2
− 2(
∫
{ϕ<−t0}
|F˜j − Ft0 |
2)1/2(
∫
{−t0−Bj<ϕ<−t0}
|Ft0 |
2)1/2.
≥
∫
{ϕ≥−t0}
|F˜j |
2 +
∫
{ϕ<−t0}
|F˜j |
2 −
∫
{ϕ<−t0}
|Ft0 |
2
− 2(
∫
{ϕ<−t0}
|F˜j − Ft0 |
2)1/2(
∫
{−t0−Bj<ϕ<−t0}
|Ft0 |
2)1/2
=
∫
D
|F˜j |
2 −
∫
{ϕ<−t0}
|Ft0 |
2
− 2(
∫
{ϕ<−t0}
|F˜j − Ft0 |
2)1/2(
∫
{−t0−Bj<ϕ<−t0}
|Ft0 |
2)1/2.
(2.10)
It follows from equality 2.2 that
(
∫
{ϕ<−t0}
|F˜j − Ft0 |
2)1/2 ≤ (
∫
{ϕ<−t0}
|F˜j |
2)1/2 ≤ (
∫
D
|F˜j |
2)1/2. (2.11)
Since
∫
D
|F˜j |
2 is bounded with respect to j, then it follows from inequality 2.11
that (
∫
{ϕ<−t0}
|F˜j − Ft0 |
2)1/2 is bounded with respect to j. Using the dominated
convergence theorem and
∫
{ϕ<−t0}
|Ft0 |
2 = G(t0) ≤ G(0) < +∞, we obtain that
limj→+∞
∫
{−t0−Bj<ϕ<−t0}
|Ft0 |
2dλn = 0, Then it follows that
lim
j→+∞
(
∫
{ϕ<−t0}
|F˜j − Ft0 |
2)1/2(
∫
{−t0−Bj<ϕ<−t0}
|Ft0 |
2)1/2 = 0.
Combining with inequality 2.10, we obtain
lim inf
j→+∞
∫
D
|F˜j − (1− bt0,Bj (ϕ))Ft0 |
2 ≥
∫
D
|F˜j |
2 −
∫
{ϕ<−t0}
|Ft0 |
2. (2.12)
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Using inequality 2.5 (2rd ” ≥ ”), inequality 2.4 (3rd ” ≥ ”) and inequality 2.12
(4th ” ≥ ”), we obtain
(et0 − 1) lim
j→+∞
(−
G(t0 +Bj)−G(t0)
Bj
)
= lim
j→+∞
(e(t0+Bj) − 1)(−
G(t0 +Bj)−G(t0)
Bj
)
≥ lim inf
j→+∞
(e(t0+Bj) − 1)
∫
D
1
Bj
(I{−t0−B<t<−t0} ◦ ϕ)|Ft0 |
2
≥ lim inf
j→+∞
∫
D
|F˜j − (1− bt0,Bj (ϕ))Ft0 |
2
≥
∫
D
|F˜j |
2 −
∫
{ϕ<−t0}
|Ft0 |
2 ≥ G(0)−G(t0).
(2.13)
Then Lemma 2.5 has thus been proved. 
The following Lemma will be used to prove Theorem 1.1.
Lemma 2.6. Let F be a holomorphic function on pseudoconvex domain D, and let
ϕ be a negative plurisubharmonic function on D. Assume that
∫
D |F |
2e−ϕ < +∞.
Then ∫
D
|F |2e−ϕ =
∫ +∞
−∞
(
∫
{ϕ<−t}
|F |2)etdt.
Proof. For any M ∈ N+, note that 12m
∑2mM
i=1 I{e−ϕ> i2m }
is increasing with respect
to m and convergent to e−max{ϕ,− logM} ≥ 0 (m → +∞), then it follows from
Levi’s Theorem that∫
D
|F |2e−max{ϕ,− logM} = lim
m→+∞
2mM∑
i=1
∫
D
|F |2(
1
2m
2mM∑
i=1
I{e−ϕ> i2m }
)
= lim
m→+∞
1
2m
2mM∑
i=1
(
∫
D
|F |2I{e−ϕ> i2m })
= lim
m→+∞
1
2m
2mM∑
i=1
(
∫
{e−ϕ> i2m }
|F |2),
(2.14)
where IA is the character function of set A.
As
∫
D |F |
2 ≤
∫
D |F |
2e−ϕ < +∞, then
∫
{e−ϕ>s} |F |
2 is finite and non-negative
for any s and decreasing with respect to s, which implies
∫
{e−ϕ>s} |F |
2 is Riemann
integrable and∫ M
0
(
∫
{e−ϕ>s}
|F |2)ds = lim
m→+∞
1
2m
2mM∑
i=1
(
∫
{e−ϕ> i2m }
|F |2), (2.15)
holds for any M ∈ N+. Note that
∫
D
|F |2e−ϕ < +∞, then it follows from equality
2.14 and 2.15 that∫
D
|F |2e−max{ϕ,− logM} =
∫ M
0
(
∫
{e−ϕ>s}
|F |2)ds. (2.16)
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As
∫
D
|F |2e−ϕ < +∞, then it follows from the Levi’s theorem that
lim
M→+∞
∫
D
|F |2e−max{ϕ,− logM} =
∫
D
|F |2e−ϕ < +∞. (2.17)
Combining equality 2.16 and equality 2.17, we obtain that
lim
M→+∞
∫ M
0
(
∫
{e−ϕ>s}
|F |2)ds = lim
M→+∞
∫
D
|F |2e−max{ϕ,− logM}
=
∫
D
|F |2e−ϕ < +∞.
(2.18)
Note that
∫ +∞
0
(
∫
{e−ϕ>s}
|F |2)ds = limM→+∞
∫M
0
(
∫
{e−ϕ>s}
|F |2)ds < +∞, then it
follows from equality 2.18 that∫ +∞
0
(
∫
{e−ϕ>s}
|F |2)ds =
∫
D
|F |2e−ϕ. (2.19)
Let s = et, then∫ +∞
0
(
∫
{e−ϕ>s}
|F |2)ds =
∫ +∞
−∞
(
∫
{e−ϕ>et}
|F |2)det
=
∫ +∞
−∞
(
∫
{ϕ<−t}
|F |2)etdt.
(2.20)
Combining equality 2.19 and equality 2.20, we obtain Lemma 2.6. 
2.2. A sharp lower bound of the volume of the sublevel sets of plurisub-
harmonic functions with a multiplier.
In order to prove Theorem 1.1 and Theorem 1.2, we present the following sharp
lower bound of the volume of the sublevel sets of plurisubharmonic functions with
a multiplier.
Proposition 2.1. Let F be a holomorphic function on D, and let ϕ be a negative
plurisubharmonic function ϕ on D. Then the inequality∫
{ϕ<−t}
|F |2 ≥ e−tCF,ϕ(D) (2.21)
holds for any t ≥ 0, which is sharp.
Especially, if CF,ϕ(D) = +∞, then
∫
{ϕ<−t} |F |
2 = +∞ for any t ≥ 0.
Let D = ∆ ⊂ C be the unit disc, and let ϕ = 2 log |z| and F ≡ 1. It is clear that
CF,ϕ(D) = pi, and
∫
{ϕ<−t}
|F |2 = e−tpi, which gives the sharpness of Proposition
2.1.
Proof. We prove Proposition 2.1 in two steps, i.e. the case CF,ϕ(D) < +∞ and the
case CF,ϕ(D) = +∞.
Step 1. We prove the case CF,ϕ(D) < +∞ As
∫
{ϕ<−t} |F |
2 ≥ G(t) for any
t ∈ [0,+∞), then it suffices to prove that G(t) ≥ e−tG(0) for any t ∈ [0,+∞).
Let H(t) := G(t) − e−tG(0). We prove H(t) ≥ 0 by contradiction: if not, then
there exists t such that H(t) < 0.
Note that G(t) ∈ [0, G(0)] is bounded on [0,∞), then H(t) is also bounded on
[0,∞), which implies that inf [0,+∞)H(t) is finite.
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By Lemma 2.3, it is clear that limt→0+0H(t) = H(0) = 0 and limt→+∞H(t) =
limt→+∞G(t)−limt→+∞ e
−tG(0) = 0−0 = 0. Then it follows from inf [0,+∞)H(t) <
0 that there exists a closed interval [a, b] ⊂⊂ (0,∞) such that inf [a,b]H(t) =
inf [0,+∞)H(t). Since G(t) is lower semi-continuous (Lemma 2.3) and e
−tG(0) is
continuous, then it follows that H(t) is lower semi-continuous, which implies that
there exists t0 ∈ [a, b] such that H(t0) = inf [0,+∞)H(t) < 0.
In the following part of Step 1, we will consider the negativeness of (et0 −
1) lim inft→t0+0(−
H(t)−H(t0)
t−t0
) +H(t0) and get a contradiction.
As H(t0) = inf [0,+∞)H(t), then it follows that lim inft→t0+0(−
H(t)−H(t0)
t−t0
) =
− lim supt→t0+0
H(t)−H(t0)
t−t0
≤ 0. Combining with H(t0) < 0, then we obtain that
(et0 − 1) lim inf
t→t0+0
(−
H(t)−H(t0)
t− t0
) +H(t0) < 0. (2.22)
Note that
(et0 − 1) lim inf
t→t0+0
(−
H(t)−H(t0)
t− t0
) +H(t0)
=(et0 − 1) lim inf
t→t0+0
(−
(G(t) − e−tG(0))− (G(t0)− e
−t0G(0))
t− t0
)
+ (G(t0)− e
−t0G(0))
=(et0 − 1) lim inf
t→t0+0
(−
G(t)−G(t0)
t− t0
)
+ (et0 − 1) lim
t→t0+0
(
e−tG(0)− e−t0G(0)
t− t0
) + (G(t0)− e
−t0G(0))
=(et0 − 1) lim inf
t→t0+0
(−
G(t)−G(t0)
t− t0
)
− (et0 − 1)e−t0G(0) + (G(t0)− e
−t0G(0))
=(et0 − 1) lim inf
t→t0+0
(−
G(t)−G(t0)
t− t0
) +G(t0)−G(0),
(2.23)
then it follows from Lemma 2.5 that
(et0 − 1) lim inf
t→t0+0
(−
H(t)−H(t0)
t− t0
) +H(t0) ≥ 0, (2.24)
which contradicts inequality 2.22. The Case CF,ϕ(D) < +∞ has thus been proved.
Step 2. We prove the case CF,ϕ(D) = +∞ by contradiction: if not, then integral∫
{ϕ<−t0}
|F |2 is finite for some t0 ≥ 0. It follows from Lemma 2.4 that for B = 1,
there exists holomorphic function F˜ on D satisfying
(F˜ − F, o) ∈ I(ϕ)o
and ∫
D
|F˜ − (1− bt0,B(ϕ))F |
2
≤(e(t0+B) − 1)
∫
D
1
B
(I{−t0−B<t<−t0} ◦ ϕ)|F |
2.
(2.25)
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Note that ∫
D
|F˜ − (1− bt0,B(ϕ))F |
2
≥((
∫
D
|F˜ |2)1/2 − (
∫
D
|(1− bt0,B(ϕ))F |
2)1/2)2,
(2.26)
then it follows from inequality 2.23 that
(e(t0+B) − 1)
∫
D
1
B
(I{−t0−B<t<−t0} ◦ ϕ)|F |
2
≥((
∫
D
|F˜ |2)1/2 − (
∫
D
|(1− bt0,B(ϕ))F |
2)1/2)2,
(2.27)
which implies
((e(t0+B) − 1)
∫
D
1
B
(I{−t0−B<t<−t0} ◦ ϕ)|F |
2)1/2
+ (
∫
D
|(1− bt0,B(ϕ))F |
2)1/2 ≥ ((
∫
D
|F˜ |2)1/2.
(2.28)
Since bt0,B(ϕ) = 1 on {ϕ ≥ t0}, 0 ≤ bt0,B(ϕ) ≤ 1 and
∫
{ϕ<−t0}
|F |2 < +∞, then we
obtain that
∫
D
|(1 − bt0,B(ϕ))F |
2 =
∫
{ϕ<−t0}
|(1 − bt0,B(ϕ))F |
2 ≤
∫
{ϕ<−t0}
|F |2 <
+∞ and
∫
D
1
B (I{−t0−B<t<−t0}◦ϕ)|F |
2 < +∞. It is clear that the LHS of inequality
2.28 is finite, which implies that the RHS of inequality 2.28 is also finite. Then we
obtain that CF,ϕ(D) ≤
∫
D
|F˜ |2 < +∞, which contradicts CF,ϕ(D) = +∞. The
case CF,ϕ(D) = +∞ has thus been proved. 
3. Proofs of Theorem 1.1 and Theorem 1.2
In this section, we prove Theorem 1.1 and Theorem 1.2.
3.1. Proof of Theorem 1.1.
It suffices to consider the case cFo (ϕ) 6= +∞.
Firstly, we prove the following proposition.
Proposition 3.1. Let F be a holomorphic function on pseudoconvex domain D,
and let ψ be a negative plurisubharmonic function on D. Assume that CF,ψ(D) ∈
(0,+∞]. Then for any p > 1, we have∫
D
|F |2e−
ψ
p ≥
p
p− 1
CF,ψ(D). (3.1)
Proof. If CF,ψ(D) = +∞, then it is clear that
∫
D |F |
2e−
ψ
p ≥ CF,ψ(D) = +∞.
It suffices to consider the situation that CF,ψ(D) ∈ (0,+∞) and
∫
D
|F |2e−
ψ
p <
+∞ both hold. Then Lemma 2.6 (ϕ ∼ ψp ) implies that∫
D
|F |2e−
ψ
p =
∫ +∞
−∞
(
∫
{ψp<−t}
|F |2)etdt. (3.2)
It follows from CF,ψ(D) ∈ (0,+∞) and Proposition 2.1 that for t ≥ 0,∫
{ψp<−t}
|F |2 =
∫
{ψ<−pt}
|F |2 ≥ e−ptCF,ψ(D).
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Then we obtain∫ +∞
0
(
∫
{ψp<−t}
|F |2)etdt ≥
∫ +∞
0
e−ptetCF,ψ(D) =
1
p− 1
CF,ψ(D). (3.3)
As
∫
{ψp<−t}
|F |2 ≥ CF,ψ(D) holds for any t < 0, then it is clear that
∫ 0
−∞
(
∫
{ψp<−t}
|F |2)etdt ≥ CF,ψ(D)
∫ 0
−∞
etdt = CF,ψ(D) (3.4)
Combining equality 3.2, inequality 3.3 and inequality 3.4, we obtain Proposition
3.1. 
In the following part, we prove Theorem 1.1 by using Proposition 3.1.
Let ψ = pϕ. If p > 2cFo (ϕ), then it follows from CF,pϕ(D) ≥ CF,I+(2cFo (ϕ)ϕ)o(D) >
0 (maybe +∞) and Proposition 3.1 that∫
D
|F |2e−ϕ ≥
p
p− 1
CF,I+(2cFo (ϕ)ϕ)o(D). (3.5)
Taking p→ 2cFo (ϕ)+0, it is clear that equality 3.5 also holds for p ≥ 2c
F
o (ϕ). Then
we obtain that if ∫
D
|F |2e−ϕ <
p
p− 1
CF,I+(2cFo (ϕ)ϕ)o(D),
then p < 2cFo (ϕ), i.e. (F, o) ∈ I(pϕ)o. Theorem 1.1 has thus been proved.
3.2. Proof of Theorem 1.2.
We prove Theorem 1.2 for the cases CF,I+(2cFo (ϕ)ϕ)o(D) < +∞ and = +∞ re-
spectively.
Step 1. We prove the case CF,I+(2cFo (ϕ)ϕ)o(D) < +∞.
Proposition 2.1 shows that∫
{pϕ<−t}
|F |2 ≥ e−tCF,pϕ(D) (3.6)
holds for any t ≥ 0 and p > 2cFo (ϕ).
By the Noetherian property of Oo, it follows that there exists p0 > 2c
F
o (ϕ), such
that I+(2c
F
o (ϕ)ϕ)o = I(p0ϕ)o, which implies
lim
p→2cFo (ϕ)+0
CF,pϕ(D) = CF,p0ϕ(D) = CF,I+(2cFo (ϕ)ϕ)o(D). (3.7)
It follows from Lemma 2.1 that CF,p0ϕ(D) > 0 (maybe +∞). Combining with
equality 3.7, we obtain
lim
p→2cFo (ϕ)+0
CF,pϕ(D) = CF,I+(2cFo (ϕ)ϕ)o(D) > 0 (maybe +∞) (3.8)
It follows from Levi’s theorem that
lim
p→2cFo (ϕ)+0
∫
{pϕ<−t}
|F |2 =
∫
{2cFo (ϕ)ϕ≤−t}
|F |2 (3.9)
holds for any t ≥ 0.
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Combining equality 3.9, equality 3.6, and equality 3.8, we obtain∫
{2cFo (ϕ)ϕ≤−t}
|F |2 = lim
p→2cFo (ϕ)+0
∫
{pϕ<−t}
|F |2
= lim
p→2cFo (ϕ)+0
e−tCF,pϕ(D)
≥ e−tCF,I+(2cFo (ϕ)ϕ)o(D) > 0, (maybe +∞).
(3.10)
Note that {2cFo (ϕ)ϕ < −t} = ∪t′>t{2c
F
o (ϕ)ϕ ≤ −t
′}, then it follows from inequality
3.10 that
∫
{2cFo (ϕ)ϕ<−t}
|F |2 ≥ sup{t′>t} e
−t′CF,I+(2cFo (ϕ)ϕ)o(D) > 0, (maybe +∞).
Let r = e
− t
cFo (ϕ) , then the case CF,I+(2cFo (ϕ)ϕ)o(D) < +∞ has thus been proved.
Step 2. We prove the case CF,I+(2cFo (ϕ)ϕ)o(D) = +∞. By the Noetherian prop-
erty of Oo, it follows that there exists p0 > 2c
F
o (ϕ), such that I+(2c
F
o (ϕ)ϕ)o =
I(p0ϕ)o. Then it is clear that CF,p0ϕ(D) = CF,I+(2cFo (ϕ)ϕ)o(D) = +∞. It follows
from Proposition 2.1 that for any t ∈ [0,+∞),
∫
{p0ϕ<−t}
|F |2 = +∞, which implies
that
∫
{ϕ<−t} |F |
2 = +∞ for any t ∈ [0,+∞). Then the case CF,I+(2cFo (ϕ)ϕ)o(D) =
+∞ has thus been proved.
4. Appendix: concavity of minimal L2 integrals on sublevel sets of
plurisubharmonic functions
In section 2, we consider the minimal L2 integrals G(t) on the sublevel sets of
the weights related to multiplier ideals, and obtain that G(t) ≥ e−tG(0).
In the present section, we consider a generalized version of G(t) (details see 4.2),
and reveal the concavity of G(− log r), which was contained in section 2.
Proposition 4.1. If G(0) < +∞, then G(− log r) is concave with respect to r ∈
(0, 1].
Especially, the above result is a generalization of G(t) ≥ e−tG(0).
Choosing ψ as the polar function ψ + log |zn|
2 in [25] (see also [12]), G(t) is the
minimal L2 extension with negligible weight on {ψ + log |zn|
2 < −t} in [25] (see
also [12]).
4.1. Some results contained in section 2. In the following part, we recall and
reveal some results contained section 2.
Let D ⊂ Cn be a pseudoconvex domain containing o ∈ Cn, and let ϕ be a
locally upper bounded Lebesgue measurable function on D. Let f be a holomorphic
function near o, and let I ⊂ Oo be an ideal. Cf,I(D,ϕ) denotes inf{
∫
D
|f˜ |2e−ϕ|(f˜−
f, o) ∈ I & f˜ ∈ O(D)}.
If there is no holomorphic function f˜ satisfying both (f˜−f, o) ∈ I and f˜ ∈ O(D),
then we set Cf,I(D,ϕ) = −∞. Especially, if I = I(ψ)o, then Cf,ψ(D,ϕ) denotes
Cf,I(D,ϕ).
The proof of Lemma 2.1 contains
Lemma 4.1. (f, o) 6∈ I(ψ)o ⇔ Cf,ψ(D,ϕ) 6= 0 (maybe −∞ or +∞).
The proof of Lemma 2.2 contains
Lemma 4.2. Let ϕ + ψ and ψ < 0 be plurisubharmonic functions on D, and let
F be a holomorphic function on {ψ < −t}. Assume that CF,ϕ+ψ({ψ < −t}, ϕ) <
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+∞. Then there exists a unique holomorphic function Ft on {ψ < −t} satisfying
(Ft−F, o) ∈ I(ϕ+ψ)o and
∫
{ψ<−t} |Ft|
2e−ϕ = CF,ϕ+ψ({ψ < −t}, ϕ). Furthermore,
for any holomorphic function Fˆ on {ψ < −t} satisfying (Fˆ −F, o) ∈ I(ϕ+ψ)o and∫
{ψ<−t}
|Fˆ |2e−ϕ < +∞, we have the following equality∫
{ψ<−t}
|Ft|
2e−ϕ +
∫
{ψ<−t}
|Fˆ − Ft|
2e−ϕ =
∫
{ψ<−t}
|Fˆ |2e−ϕ. (4.1)
Let F be a holomorphic function on D, and let ϕ + ψ and ψ < 0 be plurisub-
harmonic functions on D. Denote that
G(t) := CF,ϕ+ψ({ψ < −t}, ϕ). (4.2)
The proof of Lemma 2.3 contains
Lemma 4.3. Assume that G(0) < +∞. Then G(t) is decreasing with respect to
t ∈ [0,+∞), such that limt→t0+0G(t) = G(t0) (t0 ∈ [0,+∞)), limt→t0−0G(t) ≥
G(t0) (t0 ∈ (0,+∞)), and limt→+∞G(t) = 0, where t0 ∈ [0,+∞). Especially G(t)
is lower semi-continuous on [0,+∞).
The proof of Lemma 2.1 in [16], implies the following Lemma (details see section
4.2), whose various forms already appear in [13, 14].
Lemma 4.4. (see [13, 14]) Let B ∈ (0, 1] be arbitrarily given. Let D be a pseudo-
convex domain in Cn containing o. Let ψ be a negative plurisubharmonic function
on D, such that ψ(o) = −∞. Let ϕ be a locally upper bounded function on D,
such that ϕ + ψ is plurisubharmonic on D. Let F be a holomorphic function on
{ψ < −t0} such that
∫
{ψ<−t0}
|F |2e−ϕ < +∞. Then there exists a holomorphic
function F˜ on D, such that,
(F˜ − F, o) ∈ I(ϕ+ ψ)o
and ∫
D
|F˜ − (1− bt0,B(ψ))F |
2e−ϕ
≤(1− e−(t0+B))
∫
D
1
B
(I{−t0−B<t<−t0} ◦ ψ)|F |
2e−ϕ−ψ,
(4.3)
where I{−t0−B<t<−t0} is the character function of set {−t0 − B < t < −t0},
bt0,B(t) =
∫ t
−∞
1
B I{−t0−B<s<−t0}ds, and t0 ≥ 0.
It follows from Lemma 4.4 that the proof of Lemma 2.5 contains
Lemma 4.5. Assume that G(0) < +∞. Then for any t0 ∈ [0,+∞), we have
G(0)−G(t0) ≤ (e
t0 − 1) lim inf
B→0+0
(−
G(t0 +B)−G(t0)
B
).
By replacing D with the component of {ψ < −t1} containing o and replacing ψ
with ψ + t1, it follows from Lemma 4.4 that the proof of Lemma 2.5 contains
Lemma 4.6. Assume that G(0) < +∞. Then for any t0, t1 ∈ [0,+∞), we have
G(t1)−G(t1 + t0) ≤ (e
t0 − 1) lim inf
B→0+0
(−
G(t0 + t1 +B)−G(t0 + t1)
B
),
i.e.
G(t1)−G(t1 + t0)
e−t1 − e−(t0+t1)
≤ lim inf
B→0+0
G(t0 + t1 +B)−G(t0 + t1)
e−(t0+t1+B) − e−(t0+t1)
(4.4)
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As G(− log r) is lower semicontinuous (Lemma 4.3), then it follows from the
following well-known property of concave functions (Lemma 4.7) that Lemma 4.6
is equivalent to Proposition 4.1.
Lemma 4.7. Let a(r) be a lower semicontinuous function on (0, 1]. Then a(r) is
concave if and only if
a(r1)− a(r2)
r1 − r2
≤ lim inf
r3→r2−0
a(r3)− a(r2)
r3 − r2
,
holds for any 0 < r2 < r1 ≤ 1.
4.2. A unified approach to Lemma 2.4 and Lemma 4.4. We prove the fol-
lowing Lemma, which is a unified approach to Lemma 2.4 and Lemma 4.4 whose
various forms already appear in [13, 14] etc.:
Lemma 4.8. Let B ∈ (0,+∞) and t0 ≥ 0 be arbitrarily given. Let D be a pseu-
doconvex domain in Cn. Let ψ be a negative plurisubharmonic function on D.
Let ϕ be a plurisubharmonic function on D. Let F be a holomorphic function on
{ψ < −t0}, such that ∫
K∩{ψ<−t0}
|F |2 < +∞ (4.5)
for any compact subset K of D, and∫
D
1
B
I{−t0−B<ψ<−t0}|F |
2e−ϕdλn ≤ C < +∞. (4.6)
Then there exists a holomorphic function F˜ on D, such that,∫
D
|F˜ − (1 − b(ψ))F |2e−ϕ+v(ψ)dλn ≤ (1− e
−(t0+B))C (4.7)
where b(t) =
∫ t
−∞
1
B I{−t0−B<s<−t0}ds, and v(t) =
∫ t
0
b(s)ds.
It is clear that I(−t0,+∞) ≤ b(t) ≤ I(−t0−B,+∞) and max{t,−t0 − B} ≤ v(t) ≤
max{t,−t0}.
It suffices to consider the case of Lemma 4.8 that D is a strongly pseudoconvex
domain and ϕ and ψ are plurisubharmonic functions on an open set U containing
D¯, and F is a holomorphic function on U ∩{ψ < −t0} such that
∫
D∩{ψ<−t0}
|F |2 <
+∞. In the following remark, we recall some standard steps (see e.g. [29, 13, 14])
to illustrate it.
Remark 4.1. It is well-known that there exist strongly pseudoconvex domains
D1 ⊂⊂ · · · ⊂⊂ Dj ⊂⊂ Dj+1 ⊂⊂ · · · such that ∪
+∞
j=1Dj = D.
If inequality 4.7 holds on any Dj and inequality 4.6 holds on D, then we obtain
a sequence of holomorphic functions F˜j on Dj such that∫
Dj
|F˜j − (1− b(ψ))F |
2e−ϕ+v(ψ)dλn
≤(1− e−(t0+B))
∫
Dj
1
B
I{−t0−B<ψ<−t0}|F |
2e−ϕdλn ≤ (1− e
−(t0+B))C
(4.8)
is bounded with respect to j. Note that for any given j, e−ϕ+v(ψ) has a positive
lower bound, then it follows that for any any given j,
∫
Dj
|F˜j′ − (1 − b(ψ))F |
2 is
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bounded with respect to j′ ≥ j. Combining with∫
Dj
|(1− b(ψ))F |2 ≤
∫
Dj∩{ψ<−t0}
|F |2 < +∞ (4.9)
and inequality 4.7, one can obtain that
∫
Dj
|F˜j′ |
2 is bounded with respect to j′ ≥ j.
By diagonal method, there exists a subsequence Fj′′ uniformly convergent on any
D¯j to a holomorphic function on D denoted by F˜ . Then it follows from inequality
4.9 and the dominated convergence theorem that∫
Dj
|F˜ − (1− b(ψ))F |2e−max{ϕ−v(ψ),−M}dλn ≤ (1− e
−(t0+B))C
for any M > 0, which implies∫
Dj
|F˜ − (1 − b(ψ))F |2e−(ϕ−v(ψ))dλn ≤ (1− e
−(t0+B))C,
then one can obtain Lemma 4.8 when j goes to +∞.
For the sake of completeness, we recall some lemmas on L2 estimates for some
∂¯ equations, and ∂¯∗ means the Hilbert adjoint operator of ∂¯.
Lemma 4.9. (see [29], see also [1]) Let Ω ⊂⊂ Cn be a domain with C∞ boundary
bΩ, Φ ∈ C∞(Ω), Let ρ be a C∞ defining function for Ω such that |dρ| = 1 on
bΩ. Let η be a smooth function on Ω. For any (0, 1)-form α =
∑n
j=1 αj¯dz¯
j ∈
DomΩ(∂¯
∗) ∩ C∞(0,1)(Ω),∫
Ω
η|∂¯∗Φα|
2e−Φdλn +
∫
Ω
η|∂¯α|2e−Φdλn =
n∑
i,j=1
∫
Ω
η|∂jαj¯ |
2dλn
+
n∑
i,j=1
∫
bΩ
η(∂i∂¯jρ)αi¯αj¯e
−ΦdS +
n∑
i,j=1
∫
Ω
η(∂i∂¯jΦ)αi¯αj¯e
−Φdλn
+
n∑
i,j=1
∫
Ω
−(∂i∂¯jη)αi¯αj¯e
−Φdλn + 2Re(∂¯
∗
Φα, αx(∂¯η)
♯)Ω,Φ,
(4.10)
where dλn is the Lebesgue measure on C
n, and αx(∂¯η)♯ =
∑
j αj¯∂jη.
The symbols and notations can be referred to [14]. See also [29], [30], or [33].
Lemma 4.10. (see [1], see also [14]) Let Ω ⊂⊂ Cn be a strictly pseudoconvex
domain with C∞ boundary bΩ and Φ ∈ C∞(Ω). Let λ be a ∂¯ closed smooth form
of bidgree (n, 1) on Ω. Assume the inequality
|(λ, α)Ω,Φ|
2 ≤ C
∫
Ω
|∂¯∗Φα|
2 e
−Φ
µ
dλn <∞,
where 1µ is an integrable positive function on Ω and C is a constant, holds for all
(n, 1)-form α ∈ DomΩ(∂¯
∗) ∩Ker(∂¯) ∩C∞(n,1)(Ω). Then there is a solution u to the
equation ∂¯u = λ such that ∫
Ω
|u|2µe−Φdλn ≤ C.
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Proof. (Proof of Lemma 4.8)
For the sake of completeness, let’s recall some steps in our proof in [13] (see also
[14, 16]) with some slight modifications in order to prove Lemma 4.8.
By Remark 4.1, one can assume that D is strongly pseudoconvex (with smooth
boundary), and ψ and ϕ are plurisubharmonic on an open set U containing D¯, and
F is holomorphic on U ∩ {ψ < −t0} and∫
{ψ<−t0}∩D
|F |2 < +∞. (4.11)
Then it follows from method of convolution (see e.g. [5]) that there exist smooth
plurisubharmonic functions ψm and ϕm on an open set U ⊂ D¯ decreasing conver-
gent to ψ and ϕ respectively, such that supm supD ψm < 0 and supm supD ϕm <
+∞.
Step 1: recall some Notations
Let ε ∈ (0, 18B). Let {vε}ε∈(0, 18B) be a family of smooth increasing convex
functions on R, which are continuous functions on R ∪ {−∞}, such that:
1). vε(t) = t for t ≥ −t0 − ε, vε(t) = constant for t < −t0 −B + ε;
2). v′′ε (t) are pointwise convergent to
1
B I(−t0−B,−t0), when ε→ 0, and 0 ≤ v
′′
ε (t) ≤
2
B I(−t0−B+ε,−t0−ε) for any t ∈ R;
3). v′ε(t) are pointwise convergent to b(t) which is a continuous function on R ∪
{−∞}), when ε→ 0, and 0 ≤ v′ε(t) ≤ 1 for any t ∈ R.
One can construct the family {vε}ε∈(0, 18B) by the setting
vε(t) :=
∫ t
−∞
(
∫ t1
−∞
(
1
B − 4ε
I(−t0−B+2ε,−t0−2ε) ∗ ρ 14 ε)(s)ds)dt1
−
∫ 0
−∞
(
∫ t1
−∞
(
1
B − 4ε
I(−t0−B+2ε,−t0−2ε) ∗ ρ 14 ε)(s)ds)dt1,
(4.12)
where ρ 1
4 ε
is the kernel of convolution satisfying supp(ρ 1
4 ε
) ⊂ (− 14ε,
1
4ε). Then it
follows that
v′′ε (t) =
1
B − 4ε
I(−t0−B+2ε,−t0−2ε) ∗ ρ 14 ε(t),
and
v′ε(t) =
∫ t
−∞
(
1
B − 4ε
I(−t0−B+2ε,−t0−2ε) ∗ ρ 14 ε)(s)ds.
It suffices to consider the case that∫
D
1
B
I{−t0−B<ψ<−t0}|F |
2e−ψ−ϕdλn < +∞. (4.13)
Let η = s(−vε(ψm)) and φ = u(−vε(ψm)), where s ∈ C
∞((0,+∞)) satisfies
s ≥ 0, and u ∈ C∞((0,+∞)), satisfies limt→+∞ u(t) = 0, such that u
′′s − s′′ > 0,
and s′ − u′s = 1. It follows from supm
∑
D ψm < 0 that φ = u(−vε(ψm)) are
uniformly bounded on D with respect to m and ε, and u(−vε(ψ)) are uniformly
bounded on D with respect to ε. Let Φ = φ+ ϕm′ .
Step 2: Solving ∂¯−equation with smooth polar function and smooth weight
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Now let α =
∑n
j=1 αjdz¯
j ∈ DomD(∂¯
∗)∩Ker(∂¯)∩C∞(0,1)(D). By Cauchy-Schwarz
inequality, it follows that
2Re(∂¯∗Φα, αx(∂¯η)
♯)D,Φ ≥ −
∫
D
g−1|∂¯∗Φα|
2e−Φdλn
+
n∑
j,k=1
∫
D
(−g(∂jη)∂¯kη)αj¯αk¯e
−Φdλn.
(4.14)
Using Lemma 4.9 and inequality 4.14, since s ≥ 0 and ψm is a plurisubharmonic
function on Dv, we get
∫
D
(η + g−1)|∂¯∗Φα|
2e−Φdλn ≥
n∑
j,k=1
∫
D
(−∂j ∂¯kη + η∂j ∂¯kΦ− g(∂jη)∂¯kη)αj¯αk¯e
−Φdλn
≥
n∑
j,k=1
∫
D
(−∂j ∂¯kη + η∂j ∂¯kφ− g(∂jη)∂¯kη)αj¯αk¯e
−Φdλn,
(4.15)
where g is a positive continuous function on D. We need some calculations to
determine g.
We have
∂j ∂¯kη = −s
′(−vε(ψm))∂j ∂¯k(vε(ψm)) + s
′′(−vε(ψm))∂jvε(ψm)∂¯kvε(ψm), (4.16)
and
∂j ∂¯kφ = −u
′(−vε(ψm))∂j ∂¯kvε(ψm) + u
′′(−vε(ψm))∂jvε(ψm)∂¯kvε(ψm) (4.17)
for any j, k (1 ≤ j, k ≤ n).
We have
∑
1≤j,k≤n
(−∂j ∂¯kη + η∂j ∂¯kφ− g(∂jη)∂¯kη)αj¯αk¯
=(s′ − su′)
∑
1≤j,k≤n
∂j ∂¯kvε(ψm)αj¯αk¯
+((u′′s− s′′)− gs′2)
∑
1≤j,k≤n
∂j(−vε(ψm))∂¯k(−vε(ψm))αj¯αk¯
=(s′ − su′)
∑
1≤j,k≤n
(v′ε(ψm)∂j ∂¯kψm + v
′′
ε (ψm)∂j(ψm)∂¯k(ψm))αj¯αk¯
+((u′′s− s′′)− gs′2)
∑
1≤j,k≤n
∂j(−vε(ψm))∂¯k(−vε(ψm))αj¯αk¯.
(4.18)
We omit composite item −vε(ψm) after s
′ − su′ and (u′′s− s′′)− gs′2 in the above
equalities.
Let g = u
′′s−s′′
s′2 (−vε(ψm)). It follows that η + g
−1 = (s+ s
′2
u′′s−s′′ )(−vε(ψm)).
Because of v′ε ≥ 0 and s
′ − su′ = 1, using inequalities 4.15, we have∫
D
(η + g−1)|∂¯∗Φα|
2e−Φdλn ≥
∫
D
(v′′ε ◦ ψm)
∣∣αx(∂¯ψm)♯∣∣2e−Φdλn. (4.19)
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As F is holomorphic on {ψ < −t0} ⊃⊃ Supp(v
′
ε(ψm)), then λ := ∂¯[(1 −
v′ε(ψm))F ] is well-defined and smooth on D. By the definition of contraction,
Cauchy-Schwarz inequality and inequality 4.19, it follows that
|(λ, α)D,Φ|
2 =|(v′′ε (ψm)∂¯ψmF, α)D,Φ|
2
=|(v′′ε (ψm)F, αx(∂¯ψm)
♯
)
D,Φ
|2
≤
∫
D
v′′ε (ψm)|F |
2e−Φdλn
∫
D
v′′ε (ψm)
∣∣αx(∂¯ψm)♯∣∣2e−Φdλn
≤(
∫
D
v′′ε (ψm)|F |
2e−Φdλn)(
∫
D
(η + g−1)|∂¯∗Φα|
2e−Φdλn).
(4.20)
Let µ := (η + g−1)−1. Using Lemma 4.10, we have locally L1 function um,m′,ε
on D such that ∂¯um,m′,ε = λ, and∫
D
|um,m′,ε|
2(η + g−1)−1e−Φdλn ≤
∫
D
(v′′ε (ψm))|F |
2e−Φdλn. (4.21)
Assume that we can choose η and φ such that evε◦ψmeφ = (η + g−1)−1. Then
inequality 4.21 becomes∫
D
|um,m′,ε|
2evε(ψm)−ϕm′dλn ≤
∫
D
v′′ε (ψm)|F |
2e−φ−ϕm′dλn. (4.22)
Let Fm,m′,ε := −um,m′,ε + (1− v
′
ε(ψm))F . Then inequality 4.22 becomes∫
D
|Fm,m′,ε − (1 − v
′
ε(ψm))F |
2evε(ψm)−ϕm′dλn ≤
∫
D
(v′′ε (ψm))|F |
2e−φ−ϕm′dλn.
(4.23)
Step 3: Singular polar function and smooth weight
As supm,ε |φ| = supm,ε |u(−vε(ψm))| < +∞ and ϕm′ is continuous on D¯, then
supm,ε e
−φ−ϕm′ < +∞. Note that
v′′ε (ψm)|F |
2e−φ−ϕm′ ≤
2
B
I{ψ<−t0}|F |
2 sup
m,ε
e−φ−ϕm′
on D, then it follows from inequality 4.11 and the dominated convergence theorem
that
lim
m→+∞
∫
D
v′′ε (ψm)|F |
2e−φ−ϕm′dλn =
∫
D
v′′ε (ψ)|F |
2e−u(−vε(ψ))−ϕm′dλn (4.24)
Note that infm infD e
vε(ψm)−ϕm′ > 0, then it follows from inequality 4.23 and
4.24 that supm
∫
D |Fm,m′,ε − (1− v
′
ε(ψm))F |
2 < +∞. Note that
|(1− v′ε(ψm))F | ≤ |I{ψ<−t0}F |, (4.25)
then it follows from inequality 4.11 that supm
∫
D |Fm,m′,ε|
2 < +∞, which implies
that there exists a subsequence of {Fm,m′,ε}m (also denoted by Fm,m′,ε) compactly
convergent to a holomorphic Fm′,ε on D.
Note that vε(ψm) − ϕm′ are uniformly bounded on D with respect to m, then
it follows from |Fm,m′,ε − (1 − v
′
ε(ψm))F |
2 ≤ 2(|Fm,m′,ε|
2 + |(1 − v′ε(ψm))F |
2 ≤
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2(|Fm,m′,ε|
2 + |I{ψ<−t0}F
2|) and the dominated convergence theorem that
lim
m→+∞
∫
K
|Fm,m′,ε − (1− v
′
ε(ψm))F |
2evε(ψm)−ϕm′dλn
=
∫
K
|Fm′,ε − (1 − v
′
ε(ψ))F |
2evε(ψ)−ϕm′dλn
(4.26)
holds for any compact subset K on D. Combining with inequality 4.23 and 4.24,
one can obtain that∫
K
|Fm′,ε − (1− v
′
ε(ψ))F |
2evε(ψ)−ϕm′dλn ≤
∫
D
v′′ε (ψ)|F |
2e−u(−vε(ψ))−ϕm′dλn,
(4.27)
which implies∫
D
|Fm′,ε − (1− v
′
ε(ψ))F |
2evε(ψ)−ϕm′dλn ≤
∫
D
v′′ε (ψ)|F |
2e−u(−vε(ψ))−ϕm′dλn,
(4.28)
Step 4: Nonsmooth cut-off function
Note that supε supD e
−u(−vε(ψ))−ϕm′ < +∞, and
v′′ε (ψ)|F |
2e−u(−vε(ψ))−ϕm′ ≤
2
B
I{−t0−B<ψ<−t0}|F |
2 sup
ε
sup
D
e−u(−vε(ψ))−ϕm′ ,
then it follows from inequality 4.11 and the dominated convergence theorem that
lim
ε→0
∫
D
v′′ε (ψ)|F |
2e−u(−vε(ψ))−ϕm′dλn
=
∫
D
1
B
I{−t0−B<ψ<−t0}|F |
2e−u(−v(ψ))−ϕm′dλn
≤(sup
D
e−u(−v(ψ)))
∫
D
1
B
I{−t0−B<ψ<−t0}|F |
2e−ϕm′ < +∞.
(4.29)
Note that infε infD e
vε(ψ)−ϕm′ > 0, then it follows from inequality 4.28 and 4.29
that supε
∫
D
|Fm′,ε − (1− v
′
ε(ψ))F |
2 < +∞. Combining with
sup
ε
∫
D
|(1− v′ε(ψ))F |
2 ≤
∫
D
I{ψ<−t0}|F
2| < +∞, (4.30)
one can obtain that supε
∫
D
|Fm′,ε|
2 < +∞, which implies that there exists a sub-
sequence of {Fm′,ε}ε→0 (also denoted by {Fm′,ε}ε→0) compactly convergent to a
holomorphic function on D denoted by Fm′ .
Note that supε supD e
vε(ψ)−ϕm′ < +∞ and |Fm′,ε−(1−v
′
ε(ψ))F |
2 ≤ 2(|Fm′,ε|
2+
|I{ψ<−t0}F |
2), then it follows from inequality 4.30 and the dominated convergence
theorem on any given K ⊂⊂ D (with dominant function 2(supε supK(|Fm′,ε|
2) +
I{ψ<−t0}|F |
2) supε supD e
vε(ψ)−ϕm′ ) that
lim
ε→0
∫
K
|Fm′,ε − (1− v
′
ε(ψ))F |
2evε(ψ)−ϕm′dλn
=
∫
K
|Fm′ − (1− b(ψ))F |
2ev(ψ)−ϕm′dλn.
(4.31)
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Combining with inequality 4.29 and 4.28, one can obtain that∫
K
|Fm′ − (1− b(ψ))F |
2ev(ψ)−ϕm′dλn
≤(sup
D
e−u(−v(ψ)))
∫
D
1
B
I{−t0−B<ψ<−t0}|F |
2e−ϕm′
(4.32)
which implies ∫
D
|Fm′ − (1 − b(ψ))F |
2ev(ψ)−ϕm′dλn
≤(sup
D
e−u(−v(ψ)))
∫
D
1
B
I{−t0−B<ψ<−t0}|F |
2e−ϕm′ .
(4.33)
Step 5: Singular weight
Note that∫
D
1
B
I{−t0−B<ψ<−t0}|F |
2e−ϕm′ ≤
∫
D
1
B
I{−t0−B<ψ<−t0}|F |
2e−ϕ < +∞, (4.34)
and supD e
−u(−v(ψ)) < +∞, then it from 4.33 that
sup
m′
∫
D
|Fm′ − (1− b(ψ))F |
2ev(ψ)−ϕm′dλn < +∞.
Combining with infm′ infD e
v(ψ)−ϕm′ > 0, one can obtain that supm′
∫
D |Fm′− (1−
b(ψ))F |2dλn < +∞. Note that∫
D
|(1 − b(ψ))F |2dλn ≤
∫
D
|I{ψ<−t0}F |
2dλn < +∞. (4.35)
Then supm′
∫
D |Fm′ |
2dλn < +∞, which implies that there exists a compactly con-
vergent subsequence of {Fm′} denoted by {Fm′′}, which is convergent a holomorphic
function F˜ on D.
Note that supm′ supD e
v(ψ)−ϕm′ < +∞, then it follows from inequality 4.35 and
the dominated convergence theorem on any given compact subset K of D (with
dominant function 2[supm′′ supK(|Fm′′ |
2) + I{ψ<−t0}|F |
2] supD e
v(ψ)−ϕm′ ) that
lim
m′′→+∞
∫
K
|Fm′′ − (1 − b(ψ))F |
2ev(ψ)−ϕm′dλn
=
∫
K
|F˜ − (1 − b(ψ))F |2ev(ψ)−ϕm′dλn.
(4.36)
Note that for any m′′ ≥ m′, ϕm′ ≤ ϕm′′ holds, then it follows from inequality 4.33
and 4.34 that
lim
m′′→+∞
∫
K
|Fm′′ − (1 − b(ψ))F |
2ev(ψ)−ϕm′dλn
≤ lim sup
m′′→+∞
∫
K
|Fm′′ − (1 − b(ψ))F |
2ev(ψ)−ϕm′′dλn
≤ lim sup
m′′→+∞
(sup
D
e−u(−v(ψ)))
∫
D
1
B
I{−t0−B<ψ<−t0}|F |
2e−ϕm′′
≤(sup
D
e−u(−v(ψ)))C < +∞.
(4.37)
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Combining with equality 4.36, one can obtain that∫
K
|F˜ − (1 − b(ψ))F |2ev(ψ)−ϕm′dλn ≤ (sup
D
e−u(−v(ψ)))C,
for any compact subset of D, which implies∫
D
|F˜ − (1 − b(ψ))F |2ev(ψ)−ϕm′dλn ≤ (sup
D
e−u(−v(ψ)))C.
When m′ → +∞, it follows from Levi’s Theorem that∫
D
|F˜ − (1− b(ψ))F |2ev(ψ)−ϕdλn ≤ (sup
D
e−u(−v(ψ)))C. (4.38)
Step 6: ODE system
It suffices to find η and φ such that (η + g−1) = e−ψme−φ on D. As η =
s(−vε(ψm)) and φ = u(−vε(ψm)), we have (η+g
−1)evε(ψm)eφ = (s+ s
′2
u′′s−s′′ )e
−teu◦
(−vε(ψm)).
Summarizing the above discussion about s and u, we are naturally led to a
system of ODEs (see [12, 13, 14, 16]):
1). (s+
s′2
u′′s− s′′
)eu−t = 1,
2). s′ − su′ = 1,
(4.39)
where t ∈ [0,+∞).
It is not hard to solve the ODE system 4.39 and get u = − log(1 − e−t) and
s = t1−e−t − 1. It follows that s ∈ C
∞((0,+∞)) satisfies s ≥ 0, limt→+∞ u(t) = 0
and u ∈ C∞((0,+∞)) satisfies u′′s− s′′ > 0.
As u = − log(1 − e−t) is decreasing with respect to t, then it follows from
0 ≥ v(t) ≥ max{t,−t0 −B0} ≥ −t0 −B0 for any t ≤ 0 that
sup
D
e−u(−v(ψ)) ≤ sup
t∈(0,t0+B]
e−u(t) = sup
t∈(0,t0+B]
(1− e−t) = 1− e−(t0+B), (4.40)
therefore we are done. Thus we prove Lemma 4.8.
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